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Multicomponent Lattice-Boltzmann Model with
Interparticle Interaction
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A lattice Boltzmann model for simulating fluids with multiple components and
interparticle forces proposed by Shan and Chen is described in detail. Macro-
scopic equations governing the motion of each component are derived by using
the Chapman-Enskog method. The mutual diffusivity in a binary mixture is
calculated analytically and confirmed by numerical simulation. The diffusivity is
generally a function of the concentrations of the two components but inde-
pendent of the fluid velocity, so that the diffusion is Galilean invariant. The
analytically calculated shear kinematic viscosity of this model is also confirmed
numerically.
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1. INTRODUCTION

Recently the lattice-Boltzmann equation (LBE) method has emerged as
a promising new method of computational fluid mechanics (CFD). This
method was developed from a discretized fluid model known as the lattice
gas automaton (LGA).*"? In the LGA model, fluid is modeled microscopi-
cally as a collection of particles moving on a regular lattice along the links.
The particles collide with each other on lattice sites according to some
carefully designed collision rules which conserve the number of particles
and momentum. The coarse-grained fluid variables, such as density and
fluid velocity, can be shown to obey a set of macroscopic equations which
are very similar to the Navier-Stokes equations. Since only a small number
of bits are required to characterize the states of each lattice site, and the
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collision operation is local in the most cases, the LGA can be implemented
very efficiently for a large number of lattice sites. Fluid motion can then be
simulated without integrating partial differential equations.

Although the LGA method has a few highly desirable advantages over
the conventional methods, it also suffers from intrinsic drawbacks. For
instance, the large statistical fluctuation limits the practical usage of the
LGA method. To suppress the statistical noise, McNamara and Zanetti®®
suggested modeling the LGA with a lattice Boltzmann equation. Mean
population, instead of the discrete particles, is used to simulate fluid flows.
A similar approach was proposed by Higuera and Jimenez® in which a
linearized collision term is used in the lattice Boltzmann equation so
that the algorithm is computationally more efficient and can be easily
generalized to three dimensions. More recently, it was pointed out>® that
in addition to the suppression of statistical noise, the unphysical artifacts
in the original LGA, the lack of Galilean invariance and the velocity-
dependent pressure term, can also be eliminated when a single-relaxation-
time collision term (also known as the BGK collision term after Bhatnagar,
Gross, and Krook,'” with a proper choice of the equilibrium distribution
function is adopted in the lattice Boltzmann equation. Comparisons with
conventional CFD methods demonstrated that such a LBE model can give
quite satisfactory results in simulating both hydrodynamic and magneto-
hydrodynamic problems.®®’

An interesting and important application of the LGA/LBE methods is
the simulation of fluid flows with interfaces between multiple phases. There
are numerous complex flow systems in both natural and industrial pro-
cesses that involve convection-coupled mass transfer near fluid interfaces.
The density gradients in such problems are often so large that the conven-
tional lineair diffusion equation ceases to be an acceptable approximation.
Such problems have posed considerable difficulties to the conventional
CFD methods, especially when the interfaces can undergo topological
changes. Since the formation of fluid interfaces is microscopically due
to the long-range interaction between the molecules of the fluid,"'” the
separation and reconnection of the interfaces require additional terms to be
inserted in the Navier-Stokes equations. While the method of molecular
dynamics can treat interfacial problems by taking into account the details
of the intermolecular interaction, it becomes computationally too expensive
when the large-scale flow structures have to be modeled simultaneously.

Because the LGA and LBE methods were developed based on
microscopic description of fluids, interactions between fluid elements can be
naturally included. Several LGA/LBE models for multiphase flows have
been developed since the first introduction of the LGA. Rothmann and
Keller''" developed the first LGA model for simulation of two immiscible
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fluids. A-Boltzmann equation version was formulated later.'?) The same
idea was used to achieve a low diffusivity in the simulation of partially
miscible fluids'*-with the LBE method. In these models, a repulsive force
between the two fluid components is the most intense in the interfacial zone
where the “color gradient” is large. Since the “interfacial zone” is defined
by an arbitrary small parameter, for the LBE model, a finite-amplitude
perturbation is required for a phase separation to occur in an initially
homogeneous system. The early stages of phase separation can be expected
to have arbitrariness. In addition, these models have other problems, such
as the anisotropy of the surface tension‘'*'? and difficulties in dealing
with components with different densities. Appert and Zaleski''® suggested
another LGA model to simulate a liquid-gas type of phase transition.
Attractive or repulsive forces exist between particles that are several lattice
units apart. As the range of the force increases, the system separates into
two phases. However, the low efficiency and all the problems that plague
the LGA methods have prevented this model from being used to solve
practical problems.

In a previous paper,''® we proposed a scheme to incorporate the
interparticle forces in LBE models with multiple components. Interaction
potentials of different nature are defined between particles of the same or
different components. Each component has its own molecular mass and
relaxation time. The LBE model was shown to be able to simulate a fluid
with an arbitrary non-ideal-gas equation of state. When the equation of
state is properly chosen, phase separation occurs both in single- and
multiple-component systems. In most cases, the interaction can be restricted
to involve only nearest neighbors so that the model is computationally
efficient. Isotropy of the surface tension and the density profile across the
liquid—gas interface has been shown both analytically and numerically in a
single-component fluid containing two phases.'”’ In order for this model
to be used in quantitative simulations of multiphase flow problems, the
densities of the two phases have also been obtained analytically as func-
tions of a temperature-like parameter.

In a system with more than one component, there could be a very
complicated dependence on the details of the interaction potential. Several
phases with different densities and concentrations and multiple diffusion
processes exist in such a system. In general, the gradients of the concentra-
tions can be very large and the diffusivity depends on the concentration of
each component. ‘Before the LBE model can be used to simulate multiphase
flow with mass transfer between phases, the diffusion process has to be
well understood and the diffusivity calculated. In this article, we give the
details of the multiple-component LBE model with interparticle forces.
In section 2, we derive the macroscopic fluid equations governing the
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motion of each component using the Chapman—Enskog expansion method.
We obtain the mutual diffusivity in a binary mixture as a function of the
concentrations of the components. It does not depend on the fluid velocity.
In section 3, the diffusivity in a numerical experiment on a two-dimensional
hexagonal lattice is measured and found to be in excellent agreement with
the analytical values. Problems involving convection—diffusion processes
near a two-liquid interface and evaporation in porous media have been
investigated using the present LBE model. These simulation results will be
discussed in future publications.

2. MULTIPLE COMPONENT LATTICE BOLTZMANN MODEL

We now review the multiple-component LBE model'® with inter-
particle forces. Consider the motion of particles of S different components
on a regular lattice in D-dimensional space. The particles of the oth
component have the molecular mass of m,, ¢=1,.., S. The population
of the particles of the ogth component having the velocity e, at lattice
site x and time ¢ is denoted by nJ(x,t) where {e,; a=1, .., b} is the set of
vectors of length ¢ pointing from x to its b neighboring sites. The evolution
of ni(x, t) is described by the following lattice Boltzmann equations:

ni(x+e, t+1)—ni(x, 1)

1
= - [, H—ndNx, 1], o=1.,8 (1)

(-3

where 7, is the collision interval of the oth component. On the right-hand
side, we adopt the BGK collision term and choose the equilibrium distribu-
tion functions to be ng*¥ = N,(n,, ut?), where

a

b +C—Zl;e,,~u+ 2¢% e,,ea:uu——zczb

”(d()_u_;); [[:O
c?
(2)

dy>0 is an arbitrary constant. It was shown that this choice of the
equilibrium distribution corrects the unphysical artifacts of the LGA and
yields the correct Navier-Stokes equations.”” In the equations above,
n,=3,ng is the number density of the gth component. uZ? are parameters
which will be calculated from the distribution functions and the long-range
interactions.

l1—d, D D(D+2) Dv?
n _— ;o oa=1,.,b
N, (n,u)=
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In the absence of interparticle forces, all the components are ideal
gases. We assume that the velocities uld, o=1,.., S, all equal a common
velocity w’. Since in this case the total momentum of particles of all
components should be conserved by the collision operator at each lattice

site, it follows directly from Eq (1) that

/5 PV [5 P
oy
where p,=mn, is the component mass density, and p,u,=m_ >, ne, is
the oth component’s momentum.

We let the strength of the long-range force between particles of compo-
nent ¢ at site x and particles of component & at site X’ be proportional to
the product of their “effective masses” W (n,(x)) ¥ ;(n°(x")). The “effective
mass” of the oth component y(n,(x)) is defined as a function of the local
density n,. The form of _(n) can be arbitrarily chosen and will determine
the equations of state of the fluid components and composite fluid.!'”
Summing over all the components and interacting sites, we find total long-
range force acting on the particles of the oth component at site x

Fd(x) = —‘//a(x) Z Z Ga&(x’ x’) l//a"(x,)(x, _x) (4)

X’

where the Green’s function satisfies G, 4(x, x') = G;,(x', x). If only homo-
geneous isotropic interactions between the nearest neighbors are allowed,
G.s(X, X'} reduces to the following symmetric matrix with constant
elements:

0, X —x'| > ¢
g

(-2

Gos(x, X')={ (5)

Ix—x'|<c

Furthermore, if the densities n,, vary at a spatial scale much larger than the
lattice spacing ¢, F,, can be approximated by

%b
F,>— 20, %.9,%, (6)

We limit the discussion in this paper to interactions which are homogeneous,
1sotropic, and between nearest neighbors.

The long range interparticle force introduced above causes an extra
momentum change to the oth component in addition to the momentum
exchange caused by collisions with other components. To incorporate this
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momentum change in the dynamics of the distribution functions, one can
simply define

poul=p,u +7,F, (7)

It can be verified that each time step, the momentum change of the ath
component due to long-range interaction is F.

When a long-range force exists, the collision operator does not locally
conserve the total momentum of all the components, although it does
conserve the number of particles of each component. By summing Eq. (1)
over all directions, we obtain a mass-conservation relation for each of
the S components. Multiplying Eq. (1) by e, and m, and summing over
all the b directions and S components, we can obtain the change of total
momentum at each site. These relations are

Yoni(x+e, t+1)=Y nix,1)=0; o=1,..,8 (8)

Ymyy nix+e,t+1)e,—Y m, Y nix,t)e,=) F, (9)

The second equation states that during a collision, the total momentum of
the particles at a lattice site is changed by the interactions with the particles
on neighboring sites. Nevertheless, the momentum of the whole system can
be shown to be conserved. We find the change of total momentum of the
whole system by summing over all the lattice sites,

AP:Z ZFU(X)Z_Z Z gmizvln(x) l//:i(x+ea) ea (10)
Here, e, is a dummy variable. If there is no net momentum flux at the
boundaries, as in the case with periodic boundaries, x can be viewed
as a dummy variable, too. After changes of variable e, — —e, and then
X —e,— X, we have

AP:Z Zg&azl//a(x)llld(x—i'ea)ea (11)
Since the matrix G,; is symmetric, we have AP = — AP, and therefore

AP =0.

The question arises as how to calculate the macroscopic “fluid
velocity” from the distribution functions since the momentum of the ogth
component is m, >, ne, before a collision and (1—1/z,)m, Y, n,+
(m,/t,) Y., n3 Ve, after collision, as obtained by summing the ditribution
function before and after collision. They differ by a significant amount in
regions containing large density gradients such as the interface between two
phases. Since it is the average of the two values that represents the overall
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mass transfer, we define the velocity of the whole fluid u to be given by the
average of the two momentum values summed over all the components.
We can show that this fluid velocity vanishes at equilibrium. Using Egs. (7)
and (3), we find the average to be

pu=Yym,y nle,++Y F, (12)

where p=3, p,, is the total mass density of the fluid. The second term is
generally negligible except in the interfacial zone.

We now follow the Chapman—Enskog method of successive approxi-
mation’®'” to obtain the macroscopic fluid equation of the multiple-
component LBE model. The equilibrium distribution functions nJ are
expanded as an infinite series, and the time derivative 0/9¢ is also divided
into parts accordingly:

no= OZO: A o_ i o (13)
N

Since now the collision operator depends upon the spatial derivatives of
the densities, it is impossible to choose a distribution function which is a
function of velocity and density only and makes the collision term vanish.
We therefore let the leading order distribution functions of all components
be the equilibrium distribution about the fluid velocity u, namely n%® =
N,(n,, u), so that a set of macroscopic equations in terms of the correct
fluid variables can be obtained as the result of the expansion procedure.
The Boltzmann equation will be satisfied at the next order when terms that
depend on spatial derivatives are included. Because >, nJ=n, and
Som, 3, n2%e,=pu, the next order terms will satisfy the following
equations:

an(l)=0; ZmaZnZ‘”eﬁ_%zFa (14)

Taylor-expanding the left-hand side of Eq. (1) to second order and
using the expansions (13), we have
ni(x+e,, t+1)—ni(x, 1)
0,n3® d,n2® 9 ,noH
~-la Ypot 4 220a 71%a
ot e VT ot * ot
a,n”(o)
ot

10
. ally L — 71
+e, Vng +2——at<

a(0)

1 o,ng
+Eea-V( 3t

+e,- VnZ“”)

e, an“”) (15)
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On substituting Eq. (15) into the conservation relations (8)—(9) and
collecting terms of leading order, the following equations are obtained:

aén +V-(n,u)=0, o=1,.8 (16)
d,pu c*(1 —d,)
o 1V. [ 5 pl+puu] gF, (17)

Using Eq. (16), and noting that 3, F, ~ —(c*0/2D)V X s G- W 5, We
can write Eq. (17) in the form

Du 1

F=—;VP (18)

where D,/Dt=0/0t+u-V, and p is the pressure given as function of the
densities of all the components by the following equation of state:

')

(l_dO p+3 Z adwa‘//o‘ (19)

ad

The second term in Eq. (19), which causes the equation of state of the fluid
to be one of a nonideal gas, depends explicitly on the interparticle force.

The terms of the next order in the expansion of the mass-conservation
relation yield the following equation for each component:

a"pa

3 —4+m,V. Zn”‘”eu

+ e < Zn"“”eu+V Y 3%, e> 0 (20)

a

Using Eq. (16), we can evaluate the third term,

(1—d,
( Zn"“”e +V-Y nZ%%, e> %Vp+¥Vpd (21)

a

To calculate >, m,n Ve, in the second term of (21), we substitute the
expansions of Eq. (13) up to second order into the kinetic equation (1),
obtaining

—Zm ny%%,+V- Zm n7%% e,

1
= _T—[pﬂ(u—u’)+2m‘,nf”eu] +F, (22)
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which when multiplied by 7, and summed over all the components,
becomes

I (1 —d,
plu—u) =Y o F, 43T+ L Lvp - Sy o v, (23)

In the derivation above, Eqs. (14) and (21) are used. The expression
3, m,n°"e, can then be solved from Eq. (22) in terms of the macroscopic
fluid variables. Combining Eq. (20) with the first-order equation (16), we
obtain the following equation at second order:

ap
ZI4V-(p,u)

_ N [-do)  p,

= rUV-F,+(t,—2)V-[ D Vp,,—pr]
—dy)

\% 1
+V-%[ZraF,+7pZz,p”+EZFa— ERZ y

(24)

When summed over all the components, the equations above become
the continuity equation of the whole fluid at second order:

op
at+V (pu)=0 (25)

Mutual diffusivity in a two-component system can be calculated using
Eq. (24). For notational convenience, we rescale the interaction constants
4..as G,;=b%9,,/(1 —d,). Using Eq. (19), we write Eq. (24) as

ap, (1 —dy)

Y —L+V-(p 1“)—TV'(AVP1—BVP2) (26)
2 __Cz(l_do) .

Y 2y =——Fp— V- (BVp,—4Vp,) (27)

Here 4 and B are functions of the densities of the two components

A=&<P|%2+szl_l> , PiTa PTGl pa— Gaap,

(28)
p p 277 P

B=&<P1T2+P2T1 >+l//' PrTa+prty GoaWapy — G pa
4 P 4 4

(29)
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where
V,=V,(p2) and  Y,=dy,/dp,

We consider the evolution of small perturbations of the densities. Let
po=p2+pl+.., where p? are uniform, time-independent equilibrium
densities of the two components, and p! <p? are small perturbations.
Define the concentration of the oth component as c¢,=p2/p° where
p°=p°=p%+ p% Obviously ¢, + ¢, = 1. We linearize Eqs. (26)—(27) about
the equilibrium densities to obtain

Dp! (1 —dy)

Dtl'P?V-u————[ ©V-(4°Vp} ~B° Vp}) (30)
Dp} (1 —d,)

2 PV u=—""YV (BOVp) - 4°Vp!) (31)

where D/Dt=0/0t+u.-V, and

3) H¥h(e T+ et (G W ica — GraYacy) (32)

A’=cy(c\ T+ 00T — %
B’ =c\(c;Ty+ ¢yt —3) +Yh(c1 T2+ 62T {GoaWac, — Ga ¢5) (33)

In a pure diffusion process, if we assume the sound speed is much
larger than the speed of diffusion, the pressure field can be taken as
uniform. When the equation of state is not an ideal gas one, the total
density field is not a uniform constant during the diffusion. The density
perturbations p! are therefore not independent of each other, and a
velocity field with a generally nonzero divergence will be generated. In the
present case, p| and p) are related by Eq. (19):

(1+ Y (G +Gu¥)] pi +[1+YG 1Y, +Gan)] p3=0 (34)

We can then write p] and p} in terms of a single perturbation field, &(x),

P}(x)=[1+'/"2(G12¢1+Gzz'//2)] ¢(x) (35)
Pa(X)=—[1+ Y UG ¥, + Gy hy)] E(x) (36)

It follows from the continuity equation (25) that

D
[YA(Gra1 + Gaaha) ~H(Grat + Garbha)] et 2V -u=0  (37)
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On substituting the three equations above into either Eq. (30) or (31), we
find that £(x) satisfies the following diffusion equation:

D¢ cX(1—dy) 1 oo

D D (lez"‘czfl))’_z] V¥ (38)
where the effect of long-range interaction on the diffusivity is absorbed into
the single factor

y= (14 Gy W)+ Gonhahh) — GL Y Y\ Yadh
L4+, G ¥+, Gy + Grale ¥y, + ¥ yy)

y becomes unity in the absence of long-range interaction. Furthermore, if
the relaxation times of the two components are equal, namely 7, =1, =T,
the diffusivity becomes c*(1 —d,)(t—1/2)/D, in agreement with other
authors.!!*2%

A few remarks are called for at this point upon the diffusivity derived
above. First, the diffusivity depends on the relative density concentration of
the two components as expected. This dependence, through not only the
¢,’s, but also the s, is quite general and can theoretically be tuned to
approximate any given diffusivity. We are therefore able to simulate a class
of diffusion problems in which the diffusivity can vary and depend on
concentrations. Second, unlike the LBE model for miscible fluid due to
Flekkgy,?® in which the mutual diffusivity depends on the velocity of the
fluid, the diffusivity does not have a velocity dependence. The diffusion in
the present LBE model is fully Galilean invariant.

When applied to convection—diffusion problems, we notice that the
diffusivity can be varied independently of the shear viscosity by changing
the long-range interaction potential. Generally, attractive forces between
particles of same component and repulsive forces between different com-
ponents both tend to decrease the diffusivity.

The second-order momentum equation can be derived in a way similar
to that of a one-component fluid without interparticle interaction.® It
turns out that long-range interaction does not affect the shear viscosity, at
least to second order. When multiple components are present, the shear
viscosity is simply v=c* (¥, ¢, t,— /(D +2).

(39)

3. NUMERICAL SIMULATION

In this section, we present resuits of numerical simulations of the LBE
model described above. We first measure the mutual diffusivity in a binary
mixture by studying the decay of a sinusoidal concentration wave with
small amplitude. The simulation was carried out on a 256 x 16 hexagonal
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lattice. Initially the perturbations of the densities of the two components
were set up according to Eq. (34) so that the pressure was uniform in the
whole field. The relaxation times of the two components are 7, =0.7 and
7,=1.0. Both number densities were set equal to unity. The “effective
masses” were chosen to be y,(n,)=1—exp( —n,) and Y, =n, The dif-
fusivity is obtained by measuring the decay rate of the concentration wave.
The results of the measurement are plotted in Fig. 1 as a function of G ,,
which measures the strength of the force between particles of the two
components. G,; and G,, are fixed at positive numbers 0.01 and 0.02,
respectively, so that interactions between all the particles are repulsive.
Two sets of data are presented for two different values of the molecular
mass of the second component, m,=2 and m,=4. The first component
always has a molecular mass of 1.0. The density concentration ¢, is then
0.33 and 0.2 in the two cases. In Fig. 1, the solid lines are the analytic
predictions, which are in excellent agreement with the experimental values.

The mutual diffusivity is also measured in the presence of a uniform
velocity field parallel to the concentration gradient. No dependence of
the diffusivity on the velocity is observed. For instance, when all the
parameters are chosen to be the same as in the case above in which m, =2

0.09 T r T T
0.08
0.07
0.06
0.05
0.04
0.03
0.02
0.01

0
-0.01 \

0 003 006 _009 0.12 0.15
G2

Fig. 1. Mutual diffusivity in a binary mixture as a function of the strength of the repulsive
force between the two components. Solid lines are theoretical predictions and the symbols are
the results of numerical simulation. The two sets data are for two different density ratios of
the two components.

Diffusivity
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0.12

0.1
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Shear Viscosity

0.06
0.04

0.02 . : . :
0 0.2 04 o 0.6 0.8 1

Fig. 2. Shear viscosity as a function of the density of the first component. Interparticie inter-
actions exist in the simulation, but this has no effect on the shear viscosity. The solid line is
the theoretical prediction.

and G,,=0.04, the diffusivity measured without flow is 0.0549, compared
with 0.0550 when a uniform flow of speed 0.2 is present.

The expression for the shear viscosity is also verified similarly by
measuring the decay rate of a sinusoidal transverse wave on the same lat-
tice. The concentrations of the two components are varied by changing the
molecular mass ratio while keeping the total density of the fluid constant.
Without loss of generality, we chose the number densities 7, =n,=1 and
p =75 in the simulation. The relaxation times of the two components are 0.6
and 1.2, respectively. G,, equals 0.04 here and all other parameters are the
same as before. The measured viscosity is plotted in Fig. 2 as function of
the density concentration of the first component. It is again in excellent
agreement with the analytic prediction indicated by the solid straight line.

4. CONCLUSIONS

We have described in detail a multiple-component LBE model with
interparticle ifiteractions. The equations governing the evolution of the
densities of the components are derived using the Chapman—-Enskog
technique. The mutual diffusivity and shear viscosity in a binary mixture
are derived analytically using those equations and the agreement is
obtained to high accuracy with numerical simulations. The diffusivity
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generally has an explicit dependence on the concentrations of the two
components and can be tuned to model physical diffusivities which are
concentration dependent. When the interparticle interaction is turned off
and the relaxation times of the two components are equal, the diffusivity
does not depend on the concentrations, in accordance with other authors.
The Galilean invariance of the diffusivity in this model is also confirmed by
numerical simulations.

In the current paper, we focus our attention to the derivation of macro-
scopic equations and the transport coefficients of multiple-component
system, which can be fully or partially miscible. In the latter case, this model
can be used to simulate fluid flows which involve phase transition and
interfaces between different phases. The derivation of the transport coef-
ficients in this case becomes more valuable because in some cases the
concentration gradients near an interface are so large that the diffusivity
cannot be approximated as a constant. The dependence of the diffusivity on
the concentration itself is essential in the study of convection—diffusion
problems that involve interface. In principle, the phase diagram, the density
profile across an interface, and the surface tension can be calculated for
a multiple-component./!” We defer the detailed discussion to a future
publication.
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